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Abstract

I will describe an explicit algorithm for computing the estimators, normalization and (diagonal) RDNO.
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1 Introduction

Here, I will define the diagonal RDNO given by [1].

1.1 Quadratic estimator

The distortion fields = described above induce the off-diagonal elements of the covariance (£ # £/ or m # m/),

(XpYe_r)oms = ferze, (D

where (- - -)omp denotes the ensemble average over the primary CMB anisotropies with a fixed realization of the
distortion fields. With a quadratic combination of observed CMB anisotropies, X and Y, the general quadratic
estimators are formed as

d°L 1 . .
4z XY 2, XY =X
e = Aj / o axvlin FiXeFuYy. 2)

Here, z = ¢, AZ’XY is the normalization and AXX = 2, AFB = ATB — 1 and F7 is a diagonal filtering for the

input multipoles. If we simply use the inverse variance, we may choose F'X =1/ CA’z{X’th. L'=¢—L.
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1.2 Convolution

1.2 Convolution

Let A and B be CMB fluctuations, satistying A; = A_, and B; = B_,. In general, we obtain

2
= [ gf foror el ALBy = [dhe ™ A@)B®) £l
v

where x and y are scalar and

Then we obtain

2
\/((;77‘?2 %[mLyL/]ALBL/ = /dz’fl e it %[A(ﬂ)B(’I’AL)} R

/ ((;771);2 Sleryr)ArBr = / d*h e ES[A(R) B(R)].

If either z_y = —xp ory_r = yr, we find

2
S
2

d’L 2 —ine o
(271_)2 %[mLny}ALBLI =if[d°ne \S[A(

/((;WI)—; Sleryr ]ALBr = —i/dQﬁ e imt R[A(n)B(n)] .

2 Lensing
For lensing, the weight functions are given as [2]
.00

0 =CP% L+CpPe- L,
Sl =CP" - Leos2pp, 1 +COPE- L
fi@B = OEE Lsin2epp, 1/,
jLEE [6-LOF® +£- L'CEF) cos2¢r 1
f BB — 0. LCP® — 2. L'CEP]sin 20 1,
¢BB =[6-LCPB +2-L'CEP)cos2¢r 1,

where L' =€ — L.

2.1 Estimator

In the following, we define the inverse-variance filtered multipoles as
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The quadratic E'E estimator is given by
d’L LCF® + L'CEP — —
d2L ~EE ) SEE e2i<pL efzinL/ o
=40y (27T)2§R (LCy* + L'C7)———— | ELEL
d2L ~ i —2i /2 Bl nl
:£®m /W% [LOEE62 PLe Zer :| ELEL’
— L0, /d” —InESIE2(R)E C(R)], (19)
The quadratic E'B estimator becomes
d?L ~ -
i JOM /(2 E (LCEE + L'CPP)sin2¢y, 1 EL B
d’L ~ . . _
=£ Oz /W |:(LC L/CLB/B)€21¢L 6_21¢L/i| ELBL’
= -iLo, ( / d%h e " ERIEX(R)B(R) — B%ﬁ)EQ(ﬁ)}) . (20)
2.2 Normalization
4, 1 [ad*L 1 1 ~ ~
[4F7) = /W o gl LCY® 4 06, L'CPP) cos o) 21)
1 [d2L 1 1 BB e2ivL g=2iers | o—2ipL 2igrs 2
2/( o CEE(JEE(IZ@TLO 4 Lo, L'CEE) ( . ) 22)
_ L& ii[(z ©p LCPEY? + (0 0, L'CEF)? + 20 0, LC¥Pe &, L'CEF]
~ 2/ (2m)2 ¢EE ¢ER » MM e ' A T '
" <e4igaL e—4inL/ + e—4igaL e4inL/ + 2) (23)

CPPCEF 1
_ / 2L (£ ©, LCFE)? (m(e‘*iw e~dierr) 4 1) Jgdc: LCPE¢ o, L'CEF
(2m)*  CEECEF 2 CEECER
3 Rotation and patchy tau
For patchy tau, the weight functions are given as
Z,S@ - O + CL' B
i @E C cos2pr 1 + C’?/E ,
Z?B—C sin2¢r 17,
foE [CEE 4+ CFF cos 201 1
sz [C CB/B] SiDQQDL)L/ s
foB [C +CLB/B] COS2§0L7L/ .
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Similarly, the weight function for polarization rotation is given by

e =0, (32)
ol =207 sin 20, 1 | (33)
ol =207 cos2pp 1, (34)
T =—2(CE" + CEFsin 2L 1/, (35)
o0 = 2(CFF — CBPFlcos2¢r,1/ (36)
for? = —2(CP® + CEPlsin2¢p, 1 . (37)
‘We then find
0
XY XY

A PN (38)

3.1 Estimator

~EB d2L ~EE ~BB\ - EnlE»)

Ty = (27‘()2 (CL — CL’ )SIH2(pL7L/ELBL/ (39)
_ [ &L (CEE — CBP)S[ed¥r 29 |E LB (40)
SJemr e o
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_EB __ d’L ~EE 2igr —2iprs _ ABB 2ior —2ier/ \1T. T

ap” =2 on)? R(CLFePre 9L — O e*'¥L e *¥)|E By, . (42)

3.2 Normalization
e 2L 1 . -
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4 Disconnected four-point bias

4.1 RDNO
The RDNO bias (after the mean-field bias correction) is defined as
NEXY,ZW _ FZ{Y,ZW _ N;{Y,ZW7 (50)

where

AXY AZW d2L 2L
XY, ZW __ 0 ¢ x
Ne - AXYAZW (27T)2 /(27T)2 e, L L, L/FL FL/FL”FLW

X (X Zp)(Ye-rWe_pn) +(XeWi_p)Ye-rZin)], (51)

and

FXY W AXYAZW d2L /d2L//
T AXYAZW [ (271)2 | (27)2
X [XLZE// <Y27LW;7L”> + <XLZ}E”>}A/K7LW;7L”
+ XLW;—L” <}/e_LZE//> + <XLW;_L//>Y/£—LZ\E//] . (52)

For example, if X =Y = Z = W = ©, we obtain

A@@ d2L d2L// . .
Nf)@’@@:( ) / / oL fer FEFOFR FR. (©01,)(0e-1O;_11), (53)

2 (2m)2 ) (2m)?
A©© d2L d2L”
F?@,@@ — 2( Z2 ) /(271—)2 /(27T)2 fe L// FL/FL”FL”/@L@L” <@£ L@e L//> . (54)

4.2 Diagonal RDNO
Ignoring the off-diagonal elements of (X7 X7 ,),1e., Xy Y}, ~ ér - XY}, we obtain the diagonal RDNO as

NXY.ZW diag _ F?Y,Zw,diag B N;(Y,Zw,diag’ (55)
where
. AXYAZW dQL
XY,ZW ,dia XZ,th AYW,th
N; g _ Aﬁ(YAZZW o oL Y P FEFL FY G2 Oyt
+ [RLIEN R P R FECTY Oy (56)
and
i AXYAZW d2L . R
F?Y’Zw’d ®= AgcYAezw (2m)2 [fe L e L FfiXFLZFL/FL/ (Ci(ZCYW thy C’?Z’thC’Y/W)
+ oL SO FE FY FLFL(CEV O 1+ Cp M EY). (57)
IfX=Y=27=W = 0O, we obtain
. A@@ 2 d2L
Noooodiag _ (A7) / (82 (FPFR)?CPOCH® (58)
2 (2m)
. A@G))2 d2L .
P@@,@@,dlag _ 2( ? / @ F ) @/@ ) 3
To compute the above quantity, we define
d’L
GV = [ R EY PR FEFLRY €7 + eVepY). (60)
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which is equivalent to the integral part of the normalization calculation if XY = ZW. Then, we obtain a compu-
tationally convenient form of the diagonal RDNO,

SXY,ZW,diag A?YA%W XY,ZW A XY, ZW [ A

This form emerges naturally from the fact that the RDNO does not have an error of §C' = C — C at linear order.
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