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Abstract

Here, I describe an algorithm for computing the quadratic estimator and its normalization of the lensing,

cosmic bi-refringence, patchy reionization, and so on.
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1 Notations

In the followings, we use small letters for multipoles of the CMB anisotropies (e.g., £), while large letters are used
for multipoles of the distortion fields (Iensing, rotation, etc).

1.1 CMB

© denotes the CMB temperature fluctuations, and () and U denote the Stokes parameters of the CMB linear
polarization. The following equation defines the harmonic coefficients of the temperature anisotropies (and, in
general, any scalar quantities x):

Ty = / d*n Y (n)x(n). e))

where Y7,/ is the spin-O spherical harmonics. On the other hand, () and U are changed by the rotation of the
sphere, and are therefore usually transformed into the rotational invariant quantities, the F and B modes, as [1] !

B£iBl, = - [0 VE@) Q£ 1U)(). @

Here, Yﬁ is the spin-2 spherical harmonics. For short notation, we also use

=t = E+iB,
PT=Q=+iU 3)

1.2 Gravitational weak lensing

The lensing effect on CMB anisotropies is described as remapping of the unlensed CMB anisotropies by the
deflection angle [2, 3]

X(n) = X[n+dn), (€))

I'This definition is different from e.g. [2] by its sign.
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where X is © or P*. The deflection angle of the CMB lensing is decomposed into the lensing potential, ¢, and
curl mode, o, as [4]

d(n) = Vo(n) + (xV)w(n), Q)

where the operator xV denotes the derivatives with 90° rotation counterclockwise on the plane perpendicular to
the line-of-sight direction and then operation. The harmonic coefficients of ¢ and w are given by Eq. (1). The
remapping of the CMB anisotropies is then given by

X(R) = X(n)+ [Vo(n) + xV)o(n)] - VX + O(¢?, w?). (6)

1.3 Polarization angle rotation
If the rotation angle is small, the modulation of polarization after a rotation by an angle « is given by (e.g. [5])
SPE(n) = £2ia(n)PE(n). (7

The harmonic coefficients of « is given by Eq. (1).

1.4 Amplitude modulations

Survey window, gain fluctuations, and the inhomogeneities of the reionization, could vary the amplitudes of the
CMB fluctuations across the sky. Denoting the modulations as 1 + 7(7), this leads to the modulation in CMB
temperature and polarization as (e.g. [6])

30(n) = 7(n)O(n), ®

The harmonic coefficients of 7 is given by Eq. (1).

1.5 Spherical Harmonics and Wigner-3j

The spherical harmonics is related to the Wigner-3j symbols as [7]

/d2ﬁ iy v \/(2£1+1)(2€2+1)(2€3+1) (zl b ) (41 2 eg) ©

47 —81 —S82 —S83 mi; M2 M3

with s1 + so + s3 = 0and my + mo + ms3 = 0.

1.6 Derivatives of Spherical Harmonics

We first define the spin-operators acting on a spin-s quantity:

= —sin® 6 ng P9 sinf 0= > g+ P9
o 00  sinf Oy ~ tan# 00  sinfdyp )’
0

= R 0 i 0\ .,, —s 0 i
9= —sin 0(89_511198@) sin” 0/ = tan 0 <89 sineaga) ' (10)
The spin-weighted spherical harmonics are defined as:
G R
04 s)]? s
_ {Ef—sﬂ (—1)°0Ym (L <s5<0). (11
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The spherical harmonics, Yy, is a spin-0 function and Y} has spin-s. Using the definition above, the derivative
of the spin-weighted spherical harmonics is given by:

DY = V(U= 5)(L+s+ 1)V = —V2a3Y 1 (12)

Dy ==L+ )€ —s+ )Yt = V2a,°Y5 (13)

with aj = — \/ (¢ — 5)(£+ s+ 1)/2. In the case if the spin operator acts on a spin-0 quantity, the spin operator is
equivalent to:

d=+V2e V. (14)

Here, we introduce the polarization vector e defined by
_egtie,
V2o
with e; being the basis vectors orthogonal to the radial vector. The polarization vector satisfiese-e = 0, e-e* =1,
*e = —ie. The covariant derivative to the spin-0 spherical harmonics is given by [8]:

(15)

VYo = af (Yo" — Y, le). (16)

Ignoring the numerical factor, the spin-weighted spherical harmonics is Y, ~ e* ---e*V, .-V, Yp,.
For computing the lensing distortion on polarization below, it is convenient to regard the operation of e - V as
a spin operator [8]:

s 1
e - VYS, =ajYt, (17)
s — _ —sys—1
e VY, =—a,°Y, ", (18)
This is motivated by the fact that the lensing affects on the source function and the differential operation, V,
appears before the multiplication of the polarization basis to the polarization tensor, e*e*d*V . P,; which contains

e.g. e%e’eV.V,V,Yi, [2]. For s = +2, denoting a* = af%, in the following calculation, we replace the
covariant derivative to the spin-2 spherical harmonics with:

2 _ _4+v3 * —v1
V}/Z'm =y Ylme — }/Zme’

VY, =a, Y, e —afY,  e. (19)

m

1.7 Map derivatives

Derivative of scalar quantities such as the CMB temperature fluctuations and lensing potential is

Vi = ZxLMVYLM = ZxLMa% (Yiyer —Yihe)=zte —ae. (20)
LM LM
where we define
ot =" wpama) Yiny 1)
LM
and (z7)* = —2~. The rotation of a pseudo-scalar quantity is given by
(V) =Y @y (V)Y = Y wrmali (Ve + Y e) =i(@ e’ + @ e), (22)
LM LM
and (w™)* = —w ™. Spin-2 fields such as the CMB linear polarization is given by
VPt =35 VY2 = - 5 (4jYie —a;Yie) = -Ef e + 2V e, (23)
tm Im
VP =(VPY) = =3 5, VY, ==Y 5, (0¥, e —afY,le) = E e +5 . 24
m Im
Note that (E+')* = =~ and (2t )* = -5~
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2 Distortion of CMB anisotropies

In the following, we first define useful quantities to compute the distortion effect. A multipole factor is defined as

2604+ 1)(26+1)(2654+ 1)
Ve lols = e

The convolution operator in full sky is defined as
—~—— (Im
> ey (4 B
- -m M m')
LMe'm’ LMe'm/

We introduce the following coefficients;

C¢:17

Comp = —1,

Co =1,

Cr =1,
and

(r=1,

(=i

Parity symmetry indicators are given by

Doytye, = (—1)01 02T
N == cg(_1)€1+éz+e3
q[1£223 - CZE 2 s
+ . 1+ (_1)51+€2+£3
oy 0,05 = 9 .

2.1 Lensing distortion
The lensing contributions in the position space become
§’0=Vp-VO=—¢p 0" -pT0",
570 = (xV)w-VO =i(w 0T —w"07),
PP = V¢ VP = ¢ 2 4 otEE
§7P* = (3V)w - VP* =i(—~w 2 4 wtEF ).

The spherical harmonic transform of the lensing contributions in temperature is
0O = —cs /d2'fL Ym0 +c2ate)

== Y wuOumalade / AR (= 1Yo [V Vb + AV Yok

LMem'

i m( € L N[t L ¢

= — Z :L'LMgglm/a%ag/Qqu;;VZLl’(_1) <_m M m/) (O 1 _1)
LMem'

= 0 0ot (L L F

= - Z TLMOem AL, ap2qy; pYerLe 0 1 -1
LMe'm'

(em)

= Z L O WY, .

LM¢m'

(25)

(26)

27
(28)
(29)
(30)

€1y
(32)

(33)

(34)

(35)

(36)

(37
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Here, we denote

b b 43). (38)

z,0 _ 0 0 x+
Wilte, = 200, 00,40, 00, V1Lt <0 1 —1

w w

0 0 . . . 0 0
Here, (Wef%% )= Wéﬁ£2£3' The above quantity is consistent with Ref. [9] and also (thzt’a)* = P00 Wo 0,
Note that

Y4 L v s
=" <—m M m') Wiie = /dQn Y (VYLr) - VY, (39)
m l L E/ w,0 2~ *
(*1) “m M m/ WZL’Z’ = d*n }fpm[(*V)YLM] . VYV@’m’ . (40)

On the other hand, the lensed polarization anisotropies are given by

0=, =cu /d2ﬁ (Y2 )2 =" 4+ 2atEt ]

=+ 0 [ 125 (v2 \ry—l,+v3 2y1 —v1
—Cy E rLMEp,, Al /d n (Y ) Yoah Yem + Y nam Yo
LM'm!

o > e (L )

LM m!

- ¢ L v _ (¢ L ¢
XJCLM:ZWWL@'G% [GZ (2 1 3>+Cia5/ (2 1 1)}

(em)

_ E =+ x,+2

= mLM‘—‘Z’m’WELZ’ s (41)
LM m!

with

z by by ¢ _ [l ¢ 12
W417522£3 = —Cw’}/glgzg3a22 |:azr3 <21 12 33) + Cia& (21 721 31):| ’ (42)

Similarly, we have

0=, = Cz /dQ'fL (Yfm)*[x_E_+ +c2atET ]
=—¢; Y wrmZp,,a) / A (YD) Yarap Y + 2YEnal Yo ]
LMe'm/
m L v
=G Z (-1) (—m M m’>
LMe'm/
_ ol - (¢ L ¥ o4 € L 0V
XTLM g VeLear |Gp | _o | 1| TG | _5 1 3
/\/(Em) 9
- Z eLmZp,, Wi (43)
LMe'm/
with
T,—2 x,
W£1Z2£3 = p£1Z2Z3CiW€1Z22£3 ° (44)
Note that
m g L Z’ ¢, £2 d2 ~ Y:|:2 * Y Y:EQ
m({ ¢ L 0 w2 _ [ 24 (yE2)* +2
O™ ()Wl = | R (V) (V) Vi - VY (46)
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2.2 Rotation distortion

The E and B modes after the rotation are given by
0=, = F2i / d*n (Y;22)*aP®

—2 3 annEi [ G Y

LMe'm/
. m( £ L 7 =t t L’
LM&'m/
(em) +2
= Z arLm 5, Wit "
LMe'm/
with
« i E E E‘
Wel’zj;?a:inWlegés <i12 (? ;2> :

2.3 Amplitude distortion

The harmonics transform of ¢(n)O(n) is
0O = /dzﬁ Yo, e(1)O(n)

= > o [V ViarYiow (49)
LM m'

(0L N[t L ¢
Z €LMOum af pvere (—1) <_m M m/> (0 0 0)
LMEm/!

= Y emOrm Wiy, (50)
LMUm/
where
, ¢ L v L L 0
Wiy = afpeveLe (0 0 0> = YeLe <0 0 0> . (51

The polarization anisotropies with the amplitude distortion are given by

(em)

52k, = [ @R VEr AR ) = > ewsh, Wi (52)
LMe'm!
with
€,+2 l 12 ¢
Wit = Vertats (112 02 :F?)Q) . (33)
2.4 General form
Consider the following more general linear distortion:
00
0O¢m = me o0 (54)
Tom
=T
0=t = S atan i (55)
;; rT
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Translate into E/B

For example, Eq. (49) leads to:

a@ém 2 A
:§ Opms | A Y Y Yo
DeLnt 0 / n Yy, Yrmre
o=t
m \—‘ZI /d2A Yz‘:2 YLJWY/ ,
86LM TYL m

2.5 Translate into E/B
Now we consider the distorted E/B modes separately. In general, if the distortion is given by

—~—— (fm)

=t _ x,+2
0%, = E , xLM“i’m’W/LZ’ )
LM m/

we obtain

—~—— (fm)

Z,+ T, —
0By = Z TLMm (Ef’m’Wngl + Bé/m’Wng/) )

LMOm/
(em)
E : T, — T, +
(SBgm = XM (7Eg/m/W€L€/ + BZ'm/WZLé/) 5
LMOm/
where we define
x,+2 x,—2
T, _ %+ WZLE/ + WeLe/
qu/ = (T

2

For lensing, the functional form of W is given by

:1/‘,

2 £1£2Z3
{1 by L IS4 Y4
0 1 2 3 2 — 1 2 3
—¢* qeltzgeﬂ‘f Loty [at’s (2 1 _3> T Calyy <2 -1 -1

For polarization rotation, we obtain

2
Ww:i B (i 1+ CI(_l)f1+€2+e3
L1lols —

ot b by A3
WZngS = 2i¢ ngEeﬂS'thzg (2 0 _2> .

This is consistent with [10] in the absence of B-modes. For amplitude modulations, we find

£ a4+ 6 by A3
Wgﬁlgﬂ?, =( Ay 0,0, V10203 <2 0 _2> .

2.6 Properties of weight functions

2.6.1 Parity symmetry

)]

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

The property of W is also important. If x is parity even, WfL’Z and W7, are non-zero only when ¢ + L + ¢ is
even and odd, respectively. If x is parity odd, W;;,, and W7}, are non-zero only when £ + L + ¢ is even and odd,

respectively. W70 is the same as W* .

2.6.2 The lowest multipole of distortion fields

The above parity symmetry limits the possible lowest multipole of the distortion fields contained in the CMB
anisotropies. For example, the dipole of the lensing potential, ¢1s, does not mix different modes in ©5 and
E'B correlations because of the property of the Wigner-3j symbols and the rotational invariance of CMB fields as
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follows. First, without loss of generality, we can choose the z-axis for defining the spherical harmonics so that
M = 0 for the dipole fluctuations, ¢1,s, by rotating the unit sphere, leading to m = m’ from M +m — m' = 0.
The weight function, Wfl’[ contains the Wigner-3j symbols given in Eq. (62). To satisfy the triangular condition,
[0 —0| <1< {4+, forl+ 1+ ¢ isodd, we need £ = ¢'. Thus, for L = 1, ©B and E'B does not have mode
mixing. This also holds for even parity distortion fields, such as the amplitude modulation. This means that the
OB and E B quadratic estimators cannot reconstruct L = 1 of even parity distortion fields. On the other hand, for
the parity odd distortion fields, the situation is opposite and only © B and E'B quadratic estimators can reconstruct
L = 1 modes.

2.6.3 Dual relationships

The weight of the lensing and imaginary lensing has a relationship due to its real-imaginary conjugate;

Wikt =2Wiing, (65)
Wéf’e;eg = —2W b, - (66)
Similarly, we have
Wiime, = 2Weie, (67)
Wit = =2Wiii, » (68)
and
Weine, = Wittty (69)
Wiitat, = Wiitae, (70)
where s = 0, £.

2.7 Summary
The above all distortions are described in the following form:

—~— (fm)

0O = > wLuOrm Wiy, (71)
LM m'

0Em =,  xom (Bom Wi + Bom Wiie) (72)
LM m'

6By, = Z TLM (_Ef'm’WZxILZ’ + B@'W’W;[:;’) (73)
LM m'

where z is a distortion field.

10
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3 Quadratic estimator

3.1 Distortion induced anisotropies

The distortion fields x described above induce the off-diagonal elements of the covariance (¢ # ¢ or m # m/),
[11,12]

S o £ ¢ L\ N
<X€mn’m/>CMB = Z (m m’ M) ZL(K)/(Y)‘IELJW s (74)
LM

where (- - -)comp denotes the ensemble average over the primary CMB anisotropies with a fixed realization of the
distortion fields. We ignore the higher-order terms of the distortion fields. The functional form of the weight
functions f are summarized in Sec. 3.3. Note that

= = ¢ ¢ L XY) 4 ¢ ¢ L (XY«
<}/£mXE’m’>CMB = Z (m/ m M> Ziéﬁ )I'LM = <m m' M> pll’Lf;ég )I'LM’ (75)
LM LM

and we obtain
z,(YX)

XY
oLy :pN/LfﬁL(Z s (76)

A more general form is given by using Egs. (54) and (55):

ad e * g a}/}ﬁ’m’ g a)?fm
(XemYom)omB = > _ i <Xema* + Vo= > : (77)
LM Ty LM [ cvp

Note that the bispectrum between the observed CMB anisotropies and distortion fields become:

(78)

ai}f/m’ S aXZm
O py Oy, CMB.

<xLM <5€lm§}€’m’>CMB> = Ciw <5€me + Yr@’m’i

The rotational invariance of the bispectrum limits the possible combination of the three multipoles which leads to
the Wigner 3j symbols:

g a%’m/ g aj&@m o a<)?fm?—5’m’>CMB _ Zl / L z,(XY)
CMB

"
oxy \r Loy

The violation of the statistical isotropy, therefore, leads to more complicated form of the covariance.

3.2 Quadratic estimator

With a quadratic combination of observed CMB anisotropies, X and )A/, the general quadratic estimators are formed
as

A~ * x é él L T e >

EX) = Ay Y (m Wy M) 9ii 0 X Yo - (80)
20 mm/’
Here we define
z,(XY) 1%
g5oY) = B e “A(f’ )]A (81)
AXYC}XCZY
2, (XY)7— 1 2,(XY) 2, (XY
[AL( )} t= oL +1 ngLSe/ )QEL(Z' )7 (82)
o0

where AXX =2 AEB — ATB — 1 and @%Q( (GXY) is the observed power spectrum.

11
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3.3 Weight Function: Derivations
331 06

Let us first consider the temperature case. There are two contributions to the temperature quadratic estimator, and
the one is given as

14

m é// "
((000m)Oprms) = Z (=1) (m mu)$LMng2//<@£"m/'@e'm'>
LMK//m//

L
M
m( L L m’
Z (=1 ( M m//)-rLMWéE[:(éléé”f’(sm“,—m’(_1) e
L
M

—m
LM’ m!
m+m’ 14 4 T 00

= Z(—l) + (_m _m,> .I‘LMWU’E,C(/)O

LM

¢ ¢ LY ., z

=3 (m e M) w5 Wit C2° . (83)

LM

In the above, from the third to the last equation, we use m + m’ = — M, change the sign of m,m'M, M — —M,
and further change the order of column in the Wigner 3j. The other term is obtained by (¢, m”) <+ (¢, m) and is

given by

£ 0 L\ ., ©
<@£m§®l’m’> - ZPM'L (m m/ M) I'LMngfgC[@@ . (84)
LM

The sum of the above two equations yield
z, (060
P00 = Wb C2O 4+ pe L Wi, CF . (85)

The sign py, 1, depends on the parity of W; pys, = 1 for the even parity fields (e.g. = ¢, €) and —1 for the odd
parity fields (e.g. * = w, ).

332 OF

In the © F estimator, the two contributions are given as
i L v z,4+ z,—
<®£m(§E€’m’)> = Z (_l)m (_m/ M m//) ILM[<®€mEZ“m/’>W5/7L(” + <®€mBé”m”>W4/7Lgu]
LM m!

) m L ¢ @ v

= Z(f + <_m, M _m> LEL]\/[[C EW /[:;‘i’c BW@/,LA
14 = o
= Zpew (m ) 2L mlCE W, + CPPWi,

) 25 [COPWES 4 COPWE | (86)

—ZpéLE’ (m m/ ]\L4

and

w0 L .
<(5@£m)E@/m/> = Z (*1) <_m M m,,) ILM<E€’m/®£”m”>W£[:2”
LME//mH

mam! [ £ L A z,
Sl () P A
LM
¢ L v
= ZP@M <m M m/) »’ULMWewC
LM

¢ 0 L\ . e
Z<m ey M) ai Wi CE . (87)
LM

12
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If we decompose the terms into the following two parts,

z,(OF),
( WezL(é/ CE/ + pZLE’ We/LeC B

oLe
z,(OF), ,—
ZL(Z/ " = peve COPWoe (88)
the above two parts are orthogonal each other.
333 OB
In the © B estimator, the two contributions are given as
i L ¢ o z.+
<@€m5Bé/m’> = Z (_1)m <_m/ M m”) xLM[_<®ZTYLE£”WL”>WZ’7L€” —+ <®h,LB[//m//>W€,’Lé,,]
LMel/m//
m m' gl L g xTr,— xr
=SS (5w ) sl + P
¢ L ¢ " z,— z,
== pue (m/ M m) e mlCPP W, — CPPWi)
¢ ¢ L " z,— 6 @
=—> b (m o M) TinlCEP Wi, — CEPW), (89)
LM
and
m [ ¥ L ¢ -
<(5@lm)Bé’m/> = Z (_1) (_m M m//) xLM<B€’m/®€”m”>W£[:2”
LM m”
mam’ [ £ L A -
= Z(*l) * <—m M —m’> Wi CoP
LM
4 L g/ * x,0
= ZPZLZ’ (m M m/> xLMWELK’CQB
LM
¢ ¢ L
LM
Combining the above two terms, we find
OB z,0 a:
ZCL(Z’ ) = = Wiy Ci® = pore Wy, COF — Wi, CPPl. On
If we decompose the terms into the following two parts,
z,(©B),
ZL(Z’ M= = e Wi, CFOF
z,(©B), T
ZLF@/ ) - WEL% C[/ + ngz/ W@’ LZC 5 (92)

the above two parts are orthogonal each other.

13
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334 EB
In the E'B estimator, the two contributions are given as
A L ¢ P
(Eem0Bprms) = (=1) (-m’ M ) eLm = (Bem B )Wy gn + (BemBermm) W]
LM m/

m m’ 4, L xr,— x,
=Yy (Lo 2 o) onul-cEowig + cPPwi
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Combining the above two terms, we find
e = CEPWE + CPP Wiy — pve [CP Wi, — CPPWiH). 95)
If we decompose the terms into the following two parts
e = CEP Wi — pene CE Wi,
(96)
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e
the above two parts are orthogonal each other. This indicates that, if C'® is non-zero due to the global rotation

even parity fields (Iensing, window) leak into the odd parity estimator (rotation, curl mode) and introduce a mean-
o7

field;
1
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33.5 EF
In the E'E estimator, the two contributions are given as
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Combining the above two terms, we find

z,(EE x, T, — z,

) = CERWE + CEBW S + pere [CEEW L, + CEPWE ). (100)
If we decompose the terms into the following two parts,

a(EE) + EE x,+
e = CPWie + pere CEPWL,

z,(EE), , "
EUL‘(@/ ) == CZ’BWZLW +szg/CZ WWL@’ (101)

the above two parts are orthogonal each other.

33.6 BB

In the B B estimator, the two contributions are given as

¢ Lo

BndBem) = 3 (" (Lo a1
//m//

) I‘LM[ <BZmEE” ”>W[’L£” + <B€mBZ” ">WK’L[”]

mam' (0 L4 -
>_ (=1t ( ' M _m> v [=CPP Wy, + CPP W)

—m
M
El L EB T,— BB z,+
:ZPZLZ/ m' M o [—Co "Wy + C W]
M
¢ 0L . .
=D b (m m M> [ =CPP Wi, + CPPWi), (102)
M

and, by exchanging (¢, m) and (¢, m’) in the above equation:

¢ L N .
((6Bem) Berm) ZPW (m m M) o [~CEPWizy + CRPW ]
¢ L * EByyrx,— BB/, +
- Z m m' M T —Cr"Wyie + Ca”Wiiel. (103)
LM

Combining the above two terms, we find
x,(BB z, T,— T,
FEBB) by [~CEBWEL, + CBBWEL] — CEBWE,, + CBBW S, . (104)

If we decompose the terms into the following two parts,

z,(BB),+ BBy1/Z,+ BByi/z,+

CL0! - Cgl WéLE’ +p2L2/C/ WE’LZ

z,(BB),— _ EBry/T, — z,(EE),—

eLe = —CiPWis — pere CrPWiis, = —f00 5 (105)

the above two parts are orthogonal each other.

3.4 Additive distortions

Point or extended-sources and inhomogeneous noise can also produce mode couplings. For circular sources, we
assume that the fields are given by

s'(n) = ['O(R'n ZfbmoRn ZflszD 10(R) Yo (R nygm,nm/() (106)
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3.5 Summary

Using, D!, (72;) = (47/(20+1))Y/2Y}% (12;), the additive anisotropies in the temperature quadratic estimator are

given by
= (f2)0:;b0b/ [Yom (75) Yery (70)]*
R { ¢ L 4
:(fi2>5¢jbzbw%W/LYLM(W) (0 0 0) (m m M
. ¢ ¢ L 5,(00)
ZZ m m M ZLZ’ O, LM >
LM
where

oinm = fEY ()
!

5.(0 { L ¢ ¢
sz(g(/)@) = beberyere (0 0 0> = bebefWZLOg, .
Thus, we obtain the following relation:

5,(©0 (06
fee = bébé’feL(ef )|c;?@:1/2~
We define

s Wev (?9)
Wi = beby L.

209°
Alternatively, if (s(n)s(n)) o< §(n — n'),
(stmsin) = [ [ Y ()Y ) ()5 ()
= [0 i ()Y ) o)

:/d% Yo (R)Y7 0 ()Y onns Yin (R)

LM

= 3w [ ()™ ) ()Y ()

LM
¢ ¢ L (00) «
:Z m m' M fore oL s
LM
with by = 1.
3.5 Summary
2

The weight functions are given as

z,(00) x,0
LY W@LF’CK’ +pZL€’We’L€C )
z,(OFE) xz,0
Ly WZLe/Cef +peLz’Wz/LzC )

i B = —pene Wi, CF",

e = Wb CER + pue Wi, CF"
;I:(ZJ’EB) = WioCi® = pee Wy, CF"
D = WiLCER + pee Wi,CPP

2The original paper [12] has an opposite sign in front of the BB spectrum in E B estimator.
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3.5 Summary

Note that the above weight functions are consistent with Ref. [9] (W;L’Z, =

addition, the weight functions due to the presence of © B and E'B are given by

159
LLe
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J(EE
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It is also convenient to introduce a parity indicator:

Py =1,

Then, we can replace pyr¢ with p,:

The weight functions are given by

and [13]
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PerLer WZ}?Z =Dy ng’LOZ ;
PereWo i, = p Wik,

Pee Wy, = —paWyip, -
eigf?e) W;Lg’c "’me;feCt@ °,
ZL(Z(/)E) WZ”L%C + me;)LJEC? ",
TP = p Wi, OPF,

i) = WL CEE 4 p Wi, CP®,
eL(e]fEB) Wi o CE® + pa Wi, Cr
b1 D) = WL CRE 4 p Wi, CPP,

LLe

z,(0B)

jani

z,(EE)

jani

z,(EB) _

ELW

z,(BB) _

KLF’

z,(OF) __ OB 1/ T, —
=207 Wy

=W 0.Co8 + p,Wi,CPP

= Wiz Co® = pa Wy, CF"
+ +

Wit Ci® + pa Wi, CF°

(EE)
=—fie -

17

)

)

)

)

)

)

—1.

—o8;) for the lensing case. In

(119)
(120)
(121)
(122)
(123)

(124)

(125)
(126)
(127)

(128)
(129)
(130)
(131)
(132)
(133)

(134)
(135)
(136)
(137)
(138)



CONTENTS

4 Computing quadratic estimator

4.1 Spherical Harmonics

The polarization vectors satisfy, e - e* = 1, and, e - e = e* - ¢* = 0. We obtain

—VY;m _ \/(é_ 5)(2"!‘ s+ 1)stnjle* . \/(£+ 5)(2_ s+ 1)3/;7;16. (139)

The complex conjugate is (Y5, )* = (—1)°t™Y,° . In particular, for s = 0,

(e+1)

VY =

(Yh)e—(Y,)e), (140)

m

and, for s = —2,

tm 2 tm 2 fm =
vy = R e - [ S e, (14D

4.2 Healpix

Healpix is a useful public package for fullsky analysis [14]. Here, we consider the Healpix spin-s harmonic
transform of a map S(n) = ST () + 1S~ (R) where ST is real and s > 0. The harmonic coefficient is given by

ST+iS™ = aj, Ve, (142)
Note that a, is defined as
—iS™ = Z apSY, s (143)
Then we obtain (aj,,)* = (—1)"""a, * . The subroutine map2alm_spin transform S *to az;f where
P s (2—1)56125; (144)
U = *W (145)

are the rotatlonal invariant coefﬁ01ents with parity even and odd, respectively. Note that, identifying ST = @,
S—=U, al = FEy,, and %m = By,,, we obtain

Q+iU == (Eum +iBun)Yi, - (146)
Im
Since (af,,)* = (—1)"*%a, * ,, the above coefficients satisfy
(a)" = (=D)"a; %, (147)

On the other hand, alm2map_spin transform a; £ t0 5%, but a] o £ should satisfy the above condition. Note that,
with S = ST +1S5~, we find

it =5 [0S+ DS, (148)
i = = [ 4R [(V5)S — (CD0 ()8, (149)
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Let us consider the case we want to transform ag,, with a spin-s spherical harmonics using alm2map_spin.
The outputs, S*, are given by:

STHIS™ = amYs, (150)
m

The complex conjugate of the above quantity becomes

St —is™ = (-1)° ZangZ;f. (151)
m
The inputs of alm2map_spin become
agt = —apy, (152)
a =0, (153)

4.3 Lensing

Here, we focus on how to compute the unnormalized lensing estimators.

4.3.1 Convolution formula for lensing

For convenience, we define

Xy () =Y CFY KoYy, (0), (154)

m

with X, = X om/ 6@’( Y being the inverse-variance filtered multipoles. We also define the inverse-variance filtered
temperature map and the Stokes Q/U map constructed from the inverse-variance filtered £ or B alone:

0=2 OunYim, (155)
Im
P'=Q" +iU" = -3 Y2, Fm, (156)
m
P’ =Q" +iU" = -3 Y2,iBum. (157)
m

In full-sky, the unnormalized quadratic estimator of the gradient and curl modes are given by [12, 9]:

Gl = [ (9, ()]0 (0), (158)
T = / d*n [(x V)Y, ()] - 0\ (R), (159)
where we define

v99(R) = OVO,, (160)
vOE () = R(P'VT,’) + OVEe, (161)
vO8(R) = R(P'VO5L2), (162)
vPE () = R(P VE,), (163)
vPB(R) = R(P'VEL) + R(P ViB,5), (164)
vBB(R) = R(P ViB,.). (165)

The quantity v®¥ gives the nearly optimal estimator [12].
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In general, we can decompose the 2D vector, v, into

A %

o ve+ve (166)
= — T
V2

Since v is real, we find (v®)* = v} = v®. Then we obtain

P A ) /d” (Vi) o® — (V) ()] = V(e + Dok (167)

@ E 1 A * —1\*/, a\* —
T, = @ / PR [(V5) v + (V)" (%)) = VEE+ Doy, (168)

where vl}nfbt are the outputs of map2alm_spin by inputting, S = v®, with s = 1. Similarly, the imaginary lensing
is expressed by replacing v with v. In the following subsections, we show v® for each quadratic estimator.

4.3.2 Spin fields

We first define spin fields which are used for computing the estimators: The spin 0 4 1 fields are

O +i07 = =) O CPOVIl+ 1)}, = =D OpmCP0Y (169)
m m

Ef +iEy = =Y EmCPP U+ 1)V, ==Y EumCP Yo . (170)
Im Im

The spin 2 £ 1 fields are

Of +107 == 0 CP°\/(L+2)({ - 1)V}, =D 8 CPRYE,
Im

m
Im Im
Im m
& ity = =3 BnCFE V=2 H 3, = =3 FenOF0Y,
Im
Bf +iBy = —ZlBngK VI+2)(0=1)Y}, = iBimCPPaYy,
m
B +iB5 z—le@m BV =2)(+3)Y), == iBmCPPove,. (171)
m
433 0606
The estimator for ©© contains
=8> 964, VY
m
— — 0+ 1
- @Zc?@@gm ( ;F ) (—Yi.e +Y, e
7 O[(0T +i07)e" + (07 —i07)e] . (172)
‘We obtain
v =01 +i67). (173)
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434 OF

The © F estimator contains;

oo S ([T

m

+830B G (Vhe 7l
m

- = L@ T -(6F —i6p)e” + (65 —i67)e] + e
+ %@[(Ef +iE;)e* + (B —iE) )e]. (174)

The above quantities are obtained by map2alm_spin. We find that

W8 = L@ +iT")(OF ~i07) + (~Q° +1U7)(OF +i03)] + B(E{ +iBy)

1 ~E —=E,  _ _ =B _\ , =E = N
= 5@ (67 —67) + T (67 = 03) +i[-Q (O +65) + U (8] +O5)] + 6(E +iby).
(175)
435 OB
The OB estimator is obtained by replacing F to iB in the © F' estimator and ignore the second term;
1B =B, . _ N, 1 ABA- _\ , =B
v = J[Q7(OF —O5) + U (07 —05) +i[-Q (65 +61)+ U (65 +6)]l.  (176)
43.6 EE
The E'E estimator contains;
£+2 " (L=2)(¢+3),_
Q +iv” ; CE" B ( Y G e e e
@ +iU")[(&] —i& )e — (&5 —i&; )e] +cc.. (177)
2xf
Then we obtain
1 — 1 — —
o = @+ 167+ 5(-Q° +iU)EF +i€7]
1 ~E —FE , ,_ _ i —=E, ,_ _\  —E
=5@ (EF—EN+U (&7 — &)+ Q& +EN+TU & +EN)]. (178)
437 BB
The BB estimator is the same as E'F estimator but using B modes, and the result is;
1~ — i, = —
0P8 = [Q7(Bf — B +U”(B; - B) +5(-Q"(By + B+ U (B +B)).  (1719)

438 EB

The first term of the E B estimator is obtained by replacing E to iB in the first half of the E E estimator. Similarly,
the second term of the B B estimator is given by replacing i B to F in the first half of the B B estimator. The result
is;

’UEB

Q7€ — &) + U (6 — &)1+ 51-Q° (65 +&0) + T (65 +&1)]

1
2
Ll
2

Q"B — B + U (B; ~B;) + L-Q" (65 + B+ UB; + B (180)
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4.4 (Odd parity lensing

The estimator is given by

ym m! V4 L VA @, (XY
mzm AXY ZZ " ( m M m/) [ ZL(Z' )] XY prme

tm £'m/’
with
z,(OF z,—
féL(e/ ) = pr[’C?BW[/L[
OB x,
ZLsﬂ )= W/L(}/Ce/ + pere Wi, CPB |
EE x,
ZL(Z’ ) = =W pC8® + pere Wi, CER
EB x,
ZL(E’ = = Wb CEB + pere Wi, CER
z,(BB) _ z,(EE)
(LY _sze'
Note that
m ([ ¥ L v " o
(*1) (_m M m,> WEIB’ = /dzn nm(VYLAI) (O V}/glm/ ,
_1\ym 14 L v z,+2 2 A +21\ % +2
O™ (o) Wize = [ @ (Y (VYiwm) ©0 VY,
and
m+m’ ¢ v T 1 ~ — * — *
o (L )Wk =g [ (VY o, (R + (09YEY]

L
M
rf L L v _ i
e (L ) Wik = 5 [ (T 0 (02920~ (029

2

4.4.1 Spin fields

Of +i0; == ¥, 0mCP/(C+2)(¢ - 1),
Im

OF +i105 = - Yi,0mCPP /(€ —2)(¢ +3),

QF +iUP = =3 " \/1(t+1)Y;,COP B ,
m

EF +iEr = =) Vi, EmCPP/(E+2)(€ - 1),
m

&f +i€5 = =Y Y3, EmCEP/ (- 2)((+3),
m

B +iBy = =) Vi, iBmCPPV/(C+2)(0 - 1),

By +iBy = =) Y3 iBmCPP\/(€ = 2)(0+3)

m
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4.4 0Odd parity lensing

442 OF

=SSy (]

—m
m 0'm’

- e (L

lm 'm’ m M

L
M
L

4 5 e~ =
_m/> pere COB W) OumEprm

€\ ~eB
_m> Co

[nglj[jd *éfm,Eé/m’

92 Z Z /d n VYLM O (Yf—’w VYE?ng - YZ’_erL'VYJnQ)C?BéZWEZ’m

tm 0'm/’

_ /d2f1, (VYir)* @s 5(?EV@;2 _(PPyve

_ / AR (VYY) 0n S(PEVOLD).
Thus, we obtain

3°F = 3(P"ve,)

e +2)
3@ +iU" Y e B@gm< Erat=1
Im

Z m

(192)

- [(0— 2)2@ T 3’1@;%)]

1 —E . —E RN o
= 53 |@ +iT)-(f —ie7)e" + (O —i0; el
1 [ =E  .=E T ooy 4 oia- —E .—E T ia— T
= 505 (@ +1T)=(Of —i0r)e’ + (0] ~i0y)e] = @ ~iT")[~(6f +107)e +(Of +i6;)
(193)
We find
N 1 5 B -
708 = Ve 5% = L(@" +iU")(-6f +i67) — @ ~iU")(6f +i05)]
1 —E _ _ _
Z[Q (—67 —63)+U (-6; *@3)+1Q Chy )+1U (—©1 +03)]
1 _ = _ s = _ _
= 5[-Q7 (7 —05) T (=67 + ;) +iQ" (=67 ) +iU (-6, —=6;)].  (194)
443 OB
_(eB) _ m+m / L v 2,0 —
Lom Z Z -m M —=-m [WZLZ/CZ’ +p€L€’W5/L(C ] eénLBé/m’ . (195)
m £'m’
The first term becomes
o ¢ L 0 ., N
Ty i = 3 3 (1) (_m M _m,> (W39, COP @ Borm
m 0'm’
-y / 00, (VY201)" O (Vi VYo )CTPB 0 B
m £'m
[e(0 +1)
:/erﬁ (VYLM Oz Z é + }/e/ e +Y, ,6) Og/ lBg/m
'm’
:/d% (VYLr)* Ou \[[(QBJHMB) — (@B —iuP)e]. (196)
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The second term becomes

e mim' (€ L0 B
‘Téng)bnd = Z Z(_l) * ( M _m/> pELZ’(Wg/ﬂ) CEGB(_)EmBE’m’
L

—m
Im 0'm’

m 'HL/ g/ E T, * — J—
=> > (=nm (m, M m) (W) COPO 1 Borm

Im 0'm’

1 o
=SS L [ (9 e Y Y YA

£'m’
Im 0'm’

1
_ / Lh (VYia)* O —

P’ Z VY, 2CPR0, —c.c.
m

2i
=% |58 _p5 - (197)
Thus, we obtain
~©B “B5/NB 1 :7/B L =B -\ _ 778 - T + +y 7P - -
o = —i0(Q° + iU )+§[—Q (0] —03)-U (-7 +05)+iQ (-7 —03) +iU (—07 —063)].
(198)
444 FEF
—(EE 1 m+m’ 14 L 14 T,— z,— YAl
-Tém ) - 5 EZWZ'(_” ’ (m M m’) [WeLl’CgB “"péLZ'We’LlCZEB} EvmEprm
1 i . . _ _ - =
= 5 Z Z 5 /d2n (VYLM) O [Yvéjnzvyvé’ri’ - YYZmQVYvEJ/FrEL’ + (£ A gl)] C?BEEmEZ’m/
m £'m’
=2 % / d*n (VYiu)" On [Yoi! VY = Y0, VY0 CoPEm By
tm £'m/’
_ 52 R EBT (L+2)(=1) 4 . (t=2)(l+3),, 3
_/d A (Vi) @0 5 P %Og Egm(—\/fnme + fﬁfme) —ce.
. . i [=E SN o
:/dzn (VYLm)* O NG [P (=& +i&)e" + (&F —i&; )e)—c.c.} : (199)
Thus, we find
VO = (@ +1U°)(=€f +i6) - @ — iU )& +i€s)]
i, —=E —E, _ _ —FE, ._ _ —E
=5FQ(ET+EN) -TU (& + &) +1Q (& — &) +iU (=& + &)
-1 _E, ._ _\  —E 4 o AE et o B e -
=5 @ (& —&)+U (=& +&)+iQ (& +&7) +iU (& + &) (200)
445 EB
—(EB) m+m’ 14 L v z,4+ ~EB z,+ ~EB1x 5 B
'r[m = Z Z(_l) —-m M _m/ [WKLZ’CZ/ +p[L['WZ/LZCZ ] Ef’me’m’
tm 0'm’
1 _
=325 / A (Vi) O [ViEEVY, 2 + Y, 2V YE2 | CEP By B + (F 6 B)
m 0'm/’
- / d%h (VYia) @p (1) | P > CPPiBrm VY, 2, + P’ > CEPEwm VY,
m’ om’
— 25 * « [PF + _ iR\ e* + _ iR ;
f/d A (Vi)' O (71)6[13 (Bf —iBy)e* — (Bj ﬂBB)e)} — (B iB). (201)
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Thus, we find
7 = @ iU B; 18 + @ U85 +18y)
—(@" +iUY (&S —i&r) — (@ —iUDY(ES +i&7) (202)

— Q"B + B+ T (B +B;) + Q" (& + &)+ T (67 + &)

FiQ 7 (=By +By) +iU" (Bf — BY) —iQ" (& + &) —iU (& — &)] - (203)

44.6 BB
By replacing Ep, to By, we find:

BB _ LB o -\ L 77B (it +\ P pt TP (R -

v :Q[Q (By =By)+U (=B +By)+iQ (B +B3) +iU (By +B3)]. (204)
4.5 Polarization angle and amplitude modulation

The polarization rotation and amplitude estimators are related each other since the former and later estimate the
imaginary and real parts of the multiplicative fields, respectively. Explicitly, we can obtain the amplitude estimator
by changing the operation of taking the imaginary/real part with that of taking the real/imaginary part and then by
multiplying 1/2. Here, we explicitly derive the estimator for the amplitude modulation.
451 060
The unnormalized estimator for ©0 is given by

_o0 1 ¢ ¢ L c =

N =5 > ( ) Wiz (CE° + CE0)BtmBurm (205)

!
m m' M
L0 mm/

and the sum is non-zero only when £ + L + £’ is even. The estimator contains

¢ ¢ L 0 .
m m M Wng/ = [dn Y YiuYem , (206)
Substituting the above equation to Eq. (205), we obtain the unnormalzied estimator as

— A * * * [C’@/@ + C@@] af oF
6?1% = Z /dn }/ZmYL]\/IYVé’m’%@lm@Wm’

L0 mm/

= / AR Yipg | Y OunYem| | D COOvm Yo (207)
Im £'m’
452 OF
The © F quadratic unnormalized estimator for the amplitude modulation is given by
_OF 15 _ ¢ U L €0 ~OF <t 9B g, E
[ELM] = Z m m/ M |:WZL€/ 7+ WZ’L@ Vi Lot m’ . (208)

20 mm/’
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Using the property of the Wigner 3j,

¢ ¢ L W€,+_[1+(—1)4+L+4’] ¢ L (N[t ¢ L
m m' M) eLe= 2 e \o 0 —2)\m o m/ M

1 ¢ L ¢ ¢ IN\ (¢ ¢ L
=g\ o o o) T la 2 o)|\m wm M

1
= 5/d YL [ngYe,m, +Y,. Y@, . (209)
Using the above equation and Eq. (206), we obtain
€N = / An Yiur Y A2 Yom C8% + (Y2,Y0 2 + Y5 2V 2, ) CE YO pm By
' mm/’
1
2 /dn YL]M{ Z }/hn@Em ZZ:/ }/K/m’cé/ Ei’m/ + Z }/émO?EGZm WZ/ }/g/ Ei’m/ + c.c. }

= /dﬁ Yo uR[OYEYT +1E%7) 4+ (0%F +1027)(QF —iUF)]

= /dﬁ Yo [0°EYT +02TQF + 0%~ U¥F], (210)
where
0> +i0%" = =) V72,CP%Oum, (211)
Im
E%T 4iE% = Z Yermy COEE i . (212)
om
453 OB

The © B quadratic unnormalized estimator for the amplitude modulation is given by

I e
oMl = (m o M) Wit CE OumBerm - (213)
20’ mm/’

Using the property of the Wigner 3j, we obtain

¢ 0 L\ .. [1— (=1)fHL+e] ¢ L ¢N\N[(¢ ¢ L
W, =i
m m' M eLe 2 2 0 -2)\m m' M

i ¢ orL\ (¢ ¢ L ¢ 0 L
v\ 9 9 2 2 0o)|\m m M
— 5 [4n VeulV2 YR - VYR, 214)

‘We then obtain

_OB i —2v,2 OEQ |
9B = / A Yo Y YYo= Yol Yin ) CP Ot Bermy

20 mm/

/dn YiuR (Z V2,000 Y Y2 iBem, ) . (215)

0'm’

454 EFE

The E'E quadratic unnormalized estimator for the amplitude modulation is given by

_pE e _ L ¢ . - -
Fal" =5 > (m o M) Wiip (CF + CPP ) EpmE gy - (216)

20’ mm/’
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CONTENTS 4.5 Polarization angle and amplitude modulation

Using Eq. (209), we obtain

7%];\:/[ = = /dﬁ YLM Z [Y—Kva[’m/ + Yvhn er’m’ rfm Cé’ Ee’m/) (CEEEZW)EWW/}

20 mm/
/ dn Yiy, Z Y Emm Y Yy, CiP Eps + Z i Etm Y Y CEP By
'm/’ 0'm!
+ Z YOl Eom > Yy, 2 By + Z Y, 2 gEEEem >N V2 Eow]
o'm’ 0'm!

=3 / A Y [ Y Y2 B Y Yo Cl¥Bume + Y Yy 2B > Yo Ci gy -

m 'm’ m 'm’

455 EB

The E B quadratic unnormalized estimator for the amplitude modulation is given by

¢ ¢ L _ _ o
EB €, BB €, EE
[eLn]” =W§ /(m .y M) (W10 OB + Wi, OFF) B Berm

Note that W;;,, = W,/ ,. Using Eq. (214), we obtain

= /dn Yo ZYe Ein Y Y CpPBom ’—ZYe "Bom Y Y O Bem

2'm/’ 0'm!
- Z Y,.2C} EEzm > Y7 B — Z Y2 CP B > Y2 o]
rm! o~
= /dn YR ZY[mEm > Y2, CRPiBym + ZngCE Eom Y Yy, iBem
'm’ o'm!

4.5.6 FEB (rotation)

The E B quadratic estimator for the polarization rotation is given by

¢ 0 LY e S
[Oé%]%[] = Z (m ml M) [Wedé/ OQB - WE”LZCEE} EemBZ’m/ .
L' mm/

Using Eqgs. (68) and (209), we obtain

EEIJ@ = /dn Yo ZYe Eom Z Y/'m/Cw By + ZYemEém Z Yz/ Ce/ B

'm’

- Z YL’ng E€m Z }/e/ Bé/m Z )/Z;?O?EEgm Z YVZ/m’BWm'}

0'm/’ Im 'm/’

(217)

(218)

(219)

(220)

— /dnYLM > Y 2B Y Y ClPBom — > Vi 2CP¥Em > Y By + ]

m 'm! m 'm/’

_ i/dﬁ i [(QF —iUP)(QF +iUP) — (QF — iUF)(QP +iUP) - cc]

~2 [aR ¥y S [@F ~iUP)QP +UP) — (QF - UF)(QP +iU”)]
=2 /dﬁ Yiy [QFUP —UF QP — oFUP +ur Q"] .

where we define

QF +iu” = =Y V2,CP Eum,

m

QP +iu” = = " ¥2,CPPi B, .

Im
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CONTENTS 4.5 Polarization angle and amplitude modulation

4.5.7 EB (odd)

The E B quadratic estimator for the amplitude modulation is given by

_EB,— 14 ¢ ¢ L . ct1m
T =2 Y (g w ar) [CEPWEEE + CEWEE) BunBiome. 2
' mm/’
Note that W,,7, = 72W;,’2'€. We then obtain the estimator by replacing CE® and CFF with —CE® and CFB,
respectively, in the polarization rotation estimator, and multiplying 1/2, yielding
T =2 / dn Y7y, [-QPUP + UP QP + QPu” - UPQ”] . (225)
where we define
QF +iu? = =Y " V2,CPPiBu,
m
(226)

QF +it” = =3 V2 C/PEem .
Im
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5 Quadratic estimator normalization, noise spectrum and diagonal RDN0

Here, we generalize the algorithm of [15] to the case including the cosmic bi-refringence, patchy reionization, and
so on. We also discuss implementation of the diagonal RDNO [16] using the normalization code.

I provide expression of the noise covariance between unnormalized estimators. We define true observed spectra
as, CO9, COF CEE and CBB. For forecasts, you can assume C = C. On the othe/r\ hand, for the application of
the diagonal RDNO calculation, we should distinguish between the true spectrum, C, and our assumption on the
observed spectrum, C.

With s = 0, &, we first define the following kernel functions;

s).z 1 T,S \* S
S TIA Bl = —— Z(WELé’) Wi AeBy (227)
2L+ 1 T
Sy TABl = 5 > Wile Wi ABe (228)
2L+ 1 T
s).x 1 T,S \* S
I‘(L)’ Y[A,B] = ——— Z(WELZ’) WiireAeBe (229)
2L+ 1 T
- 1
YA B = g > Wi W AdBe (0
2L +1 T
The above functions are real. Note that
Sy A, Bl = (A, B, 23D
I (A, Bl = T3V (B, A]. (232)

Note also that p,, = p, otherwise the noise spectrum vanishes due to the parity symmetry. We denote p,, = p, = p.

5.1 Disconnected noise spectrum, normalization and response function

511 006

The noise spectrum between 2°€ and 7°€ is given by

z,0 ~00 z,0 706 y,0 706 y,0 700 | ~ ~

1
NIv(99) - > L £ !
2L+ 207°C° e C°
o« [ 1 (C99)? 0,0y [COF CO°
=3 —, —— +pl'y = . (233)
gee’ (ee gee’ gee
Here, we assume C = C from the first to the second line. For example, if either x or y are point sources,
z,0 x,0 €,0 €,0
JECONNS| > [WZLZ’CZG’ + WZ/LIZCEGG} {Wew + qu}
T = ~————
2L +1 o 40296026/9
Looae [ 1 C9°7 1 (e[ 1 C°°
= -5 {A, A] T N {A, A] . (234)
2 cee’ cee 2 cee’ oo

In the idealistic case, the normalization and noise spectrum are identical. Substituting x = y into Eq. (233) gives
the normalization of Z:

N v 1 066 2 v C@@ 066
[AD(©9)=1 — 5(0). {A%,(A ) }+ " {A = } (235)
15 gee gee’ gee
The response to y is given by
R _ gy [ 1 (CF0F] ey [C9F COF (236)
L L cee’ (ee L cee’ cee |
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512 O©F

The normalization of the quadratic © F estimator is given by

x,0 x,
[Amy(@E)] Z \Wewc WK’LEC il
r T 20414 C@@cEE
1 202 (CF°)° 20 yrat ConCP" e iy2 (COF)
= Z Weie)" zeezms T 2PWieWeli Zge 2 + Weld) Zoe s
2L +1 o l Cl@@cgE C@@cEE C?@CE‘E
a0 1 (CQE)Q (). C@E C@E (+). 1 (CGE)2
=L {@@@’ (OEE +20 (90’ (CEE +p CEE’ (oo |’ (237)
and for the imaginary counterpart:
(A7 (OF)]- 3 Wi CPP1P _ gone [ 1 (COF)? 238)
L 2L+1 o C@@C«EE L COEE’ (ee ’
513 OB
The normalization of the quadratic © B estimator is given by
ATOB)]- 3 WeCPPF _ sy [ 1 (COF)? (239)
L 2L+1 - C@@cBB L (BB’ (oo |’
and for the imaginary counterpart:
[AL7(®B)} Z |W;L2'C?B +pWefLeC®B|2
2L +1w CL@@C}SB
! ©B)2 OE (OB L1 ©B)2
e [ e[S g [ L CR)
cee’ (BB (©e’ (BB (BB’ (e

514 FEFand BB

The normalization of the quadratic F'F estimator (and for the B B estimator by replacing the FE — BB spectrum)
is given by

[A z,(EE) ] Z |WZILZC erWZ’LJrZCEEP
2L +1 T CEECEE
 a) 1 (CEE)2 ()2 CEE OEE
= |:6EE’ CEE +rly CEE OEE : (241)
The imaginary counterpart is given by
[A:z (EE)] Z (WiieCE® — pre%i_eCéEBP
ey e
NV 1 CEB 2 N CEB CEB
= [A(A)} —pri [A ,A} 7 (242)
OEE’ (EE CEE’ CEE
(AT (BB) 1 Z \Wize Ci° — oWy, CFP
2L +1w 2CpBCEe
() 1 (CEB)2 B (=) CEB CEB
=2 [61313’ (BB 283 (BB’ (OBB |’ (243)
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515 EB

The noise spectrum between the (even) quadratic B estimators is given by

NzwE) - 1y (Wize Co® + pWir OFF) (Wi Cp® + pWir, Cr)
2L+1 o CPECE®
_ ey [ 1 (CPP)?
oL OEE’ (BB
BB (EE EE)2
(-)ay [C7° C (-ay [ L (C77)
+2pl, [61313’ 6EE:| +n |:aBB’ CEE |’ (244)
Substituting = y into the above equation gives the normalization of the quadratic /B estimator:
N N 1 CBB 2 NV CEE CBB NV 1 CEE 2
A7) =2 [A ) ] +2pl'y [A e } +xp [A ) } L)
COEE’ (BB CEE’ (BB (BB’ (EE

The imaginary counterpart is given by
eEB)—1-1 (e | 1 (CEB)? (+).c [CEB CEB e[ 1 (CEB)?
AL T =% |:6'EE7 (BB + 2l CEE’ (BB 2 (BB’ CEE |’ (246)
5.2 Off-diagonal noise spectrum
521 O©OOOFE

©© and 7°7F is given by

The noise spectrum between Z°
w 2C7°C5 CpPCy
1 > [1 + Paby ijii/fﬁ@ (WEL’%C@/E + @Wf/feC?E)@@e@?E
2Lelopl 2 CPocye CPoCE®
px + 1y Wi CE© (Wi, CPF +PyW£JL’ZCé®/E)CA@9€®E]
2 (09e09e C9OCEE v

+px(£<—>£’)] [ CA?@CA?E—%py(M—%’)]

+

5@@ o0 O@Eé\@E C(—)E@(—)@ O@@@(—)E

Z(LO)@y F(X),wy

L

(Coe)2’  (ee(EE (Co©)2 " COO(CEE
COE COE(©0 00
COOCEE’  ((00)2 ’

OeE@@E O@@@@e

COOCEE’ ((00)2

E(L,X))$y

+ pr{y (247)

Note that the code assumes C = C. For diagonal RDNO, we should change the input as follows:

090 — (C®°/C°9)C%°, (248)
CPF — (C®°/C°®)C"F (249)
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522 OOEE

The noise spectrum between the ©O and FE estimators is given by

400, BB 1 W70 C8° (Who CEE + p, Wi, CFF)
NL Y _ Z féé@ o +px(€<—> g/) LLe — EEEZ Le-¢ é\?Eé\?E +py(€ o 5/)
2L 4142 | 2CPOC 2CFECE
2,0 + +
= 1 Z L+ papy Wit CP° | (Wite Cp® +pyWZy/LZCEE)é\(—)Eé\(~?E (0o t)
14 2 0poCes 2CFRCE ce

0 , :
_ 1 3 1+ pupy Wit CP° (Wi CE® +PyW5ﬂCEE)@@E@9E

2L +1 o 2 Ctz@@OeG')@ C;:EOEE
— ey COF  COOCTECOE 0y COECEE (©O(®E (250)
=y a@@éEE ’ é@@ aEE L a@@éEE ) é@@éEE
523 OFFEFE

The noise spectrum between the © F and E'E estimators is given by

1 Wx’O,C@E IW%’ COF =N Wy,-‘rlcE/E
NzeEyEE _ Z (Were v PeWorC )CA[@ECP;E Fpa(t o ) LLeSE oy (s 0
2AATE CPocH 2CFCE

Y,+ NEE v,+ NEE
Wi nCo Wi Ch

= Dy—= =
cpegpe M gpnoRe

x,0 x,
1 Z [(WEM'C@E "'pre/LJreC?E)é‘l@ECA};E

2L +1 o CpPOCH®

_ 500y CoF COECEECEE e COECOE (EE(GEE
L COOCEE’  (CFE)2 L COOCEE’ (CEE)2
(<) COECEE (OE(EE S+ CEE  (©EQEE(OE oS
TP 9O (EE’ (aEE)Q L (5EE)2’ (090 OEE (251)
For the diagonal RDNO, we should change the input as follows:
CEE _ (OB /CPE)CEE, (252)
C®° — (CPFCPR)CO° | (253)
524 OBEB
The noise spectrum between the © B and E' B estimators is given by
NP 1 Z P Wi CPF POEFBB (Wiie) Cp® — py(Wiip,)*CFF
’ 2Lty | cpoop Cpecp®
_ (e (C©ECOE (/BB(BB (e CBB (©OECEE(OE -
P COOCEE’ ((BB)2 (CBB)2'  (COOCEE (254)
For diagonal RDNO, we should change the input as follows:
CBB — (CBB/CBB)CRE, (255)
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5.3 Noise covariance and diagonal RDN0

5.3.1 General expression

Let us consider the disconnected four point correlation involved in the (cross-)power spectrum between Ef 1\32 and

ZZW derived in [12]:

(XY ,—(ZW)\ % 1 N o ~
@i @A) = gy )" (B CY 7 CY 4 e gBICNVCL7 (256)
o

A naive approach to evaluate the above disconnected bias is to use our best approximation to C,ie. replacing C
to C' in the above equation. This approach is, however, not so accurate given that the dominant bias in the lensing
power spectrum is the disconnected four point correlation. Alternatively, we can use the realization-dependent
bias subtraction (RDNO) which is more robust to estimate the disconnected bias [17]. If we can assume that the
off-diagonal covariance of the CMB multipoles is negligible, we can further simplify to the “diagonal” RDNO [16].
The diagonal RDNO is defined as:

~ 1
NL’(XKZW)’dRD _ Z( XY)*

= GerLe
2L+ 1 o

«|orr@xecy v oxeeyy - cxeeym)
e df W EVEYE 1+ CXVEL @XW(?XZ)] (257)

For the code implementation, we rewrite the above equation as:

= 1
Nm,(XY,ZW),dRD _ XYk
L oL +1 %;(QZLK )
x [oFECXACNY — ACKZACY™) + poreg GOV CY? — ACKY AGEH)] L 259)

where we define A@AB = @AB — 6;“3 . For the diagonal noise covariance, XY = ZW, we obtain:

~ 1
Na,,(XY,XY),dRD o Xy/ *
L oL +1 %;(gzu )
< [0 CENEEY — ACS AT ) + prre g LG CFY — AGKY ACYY)]

1 1

_ XY \*
= 72[1_’_1 E (9orer) AXY
o

o GG AGAGY GG AGTAGY]
e AXXAYY +pee firre AXXAYY (259)
crrCy CptCy
If X =Y, the above equation is further simplified as:
ﬁz,(XX,XX),dRD _ 1 Z }( XX)* XX @XX@)’(X B A@XXA@)’(X (260)
L - 2L+1 2 LLY LLe (C;XXGXX)2 .
Iz ¢ o
If XY =0©Bor EB,
Np O o S T (@XX@/;Y . QQXXA@/’Y> ‘ (261)
2L +1 o (Cg(XCZY)2

The above expressions are the same as the normalization but with C, / C? and AC, / C? instead of 1 / C to evaluate the
first and second terms, respectively. The first order of the difference between the true and assumed CMB spectra,
AC, does not appear.
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5.4 Asymmetric quadratic estimators

Here we consider asymmetric quadratic estimators [18].

541 00

The asymmetric estimator is defined as:

/

o°gb 200 ¢ ¥ L L,e% G7@b9

e =AL D o ar) el we T W08, 00 (262)
20’ mm/’

where we define the lensed map and gradient map filters as [19]:

1
wp = o (263)
4
XY
WXy — G0 (264)
¢ OXX

Note that

(e°0") 228" + 299" 00
Trm B) —xpy (@=0b). (265)

The normalization of €€ for the asymmetric estimator is given by:

200" 1 L,e% G,e'e"
AT Ys 1 %;we Wy Wew [ sz'C efLeC }
_ Eg)),m [wL,Oaij,®b®ac®®:| +pF(LO),m [wL,@aC@@’wG@b@“} ' (266)

The response to y is given by

Riea@b’y _ 2Ll+ 1 ZwL @awG ev G“WZM, { eLe'C Z’LZC }
For example,
R‘Z@mb’s - 2L1+ 1 3wy g OO WS 2 bgbw [W oo+ WZEZ}
_ Zf)’dx {bvaea,bwL’@bCee} i Fg)),qse [bwL,®b7bwL,®“C®@] ] (269)

For the asymmetric case, the normalization does not equal to the noise spectrum even in the idealistic case due
to the correlation of the two anisotropies analogues to the O F estimator. The noise spectrum between 79€ and
A@@ for the asymmetric estimators is given by

m@“@bye‘l'@b/ 1

L,e* G,ete° Lo ae’ev o/ Sobgh’ Lo a,e’ed

. ot Z Wy Wy Wi [wy® wy, zwce e Cz' +pwyT Wy

Az©et quo” e 2L +1 4
i 7 o

0’ a a’ aga’ boa b’ oa’ bbb’ 07 a b’ oa’ agb’
:E(L)wy wH® 0" OO LS00 ,G.0" © ce'e +pF(L)‘”’ w©%qyG0" 0 pere

, W
(270)
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6 Explicit Kernel Functions

Here we consider expression for the Kernel functions in terms of the Wigner d-functions. In the following calcu-
lations, we frequently use [15]

[ @z ot =2 (Y (08, e
with $1 + 52 + s3 = s} + s, + s = 0 and u = cos S, and the symmetric property:
s (8) = (1) e (B) = (=)™ 1 (8) (272)
s (B) = (=1) "y, (7 = ). (273)
Note that
s [t s gae = [ audy s 74)
We also define
X1 = (V2ah)... (V2a!) X, (275)
and
A = ; 2t 4; Lade,, . (276)
For lensing, we obtain
P =2 277)

6.1 Kernel Functions: Lensing

For lensing fields, x = ¢ or w, we obtain

(0),z z,0 2
2714, B ,[2A, By
L [ ) } 2L+1%;|W€Ll LDy
20+1 2041 _ L(L+1)0 +1) TN A A
=) 4 A By 1 —1)A L2
%;W47r£47r62 ;e R2lo 1 &
1 /
2W+1 20 4+1
:/ dp WL(L+1)Z - Ay + Byl (¢ + 1)[dfodfydSy + Edfodf —1d1 ]
—1 o 47T 4
1
00 00
= / dp mL(L+ 1){&né diy + A&oér_1di 1} - (278)
-1
and
0),x 1 x,0 \* x,0
F(L) [A, B] = 72L+1%;<W5”') WoLeAeBy
2+1, 2041 (¢ L 0N\ [(¢ L ¢
:ZZWL(L—Fl)iAg Bpalad [l + 2 (— 1)£+L+f]2<0 ) _1> (0 . _1)

j24

B 20+1 02£’+1 0 9 tirite (€ L 0 ¢ L ¢
_%;WL(L—Fl) e Ag?Bl’[l—i_cz(_l) 12 0o 1 =1/\1 =1 o

1 /

2W+1 20 +1 :

:/ldqu(L+1)Z e AT - e BYldbdl _d” o+ 2db _jdld” )
- o

1
0] 0] 0 0
= - / dp wL(L + 1){E) &1ty + 3601 Eor A} - (279)

-1
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Denoting p = + and = = ¢, w, we rewrite the kernel for polarization as

S B] = 5 WP A
o

7 241 2041 2 eipser [ (0 L €N, o _(t L \]
§L(L+1); A AE A B2 [ +pcz(_1) } Qg 2 1 -3 +Caca£/ 2 -1 -1

T 204+1 20/ +1 ,
5L(L +1)) Ay Byl + pc2(=1)4F1+)

47 47
e’
¢ L 0N .t L ¢\ (¢t L ¢N\{(t L ¢
X2[(“Z)2 (2 1 —3) + (ag)? (2 1 —1> +2ciapay (2 -1 —1> (2 1 —3)]
1 /
T 2€+1 2€ +1 ’ _ Y _ ’
:g/ldﬂ L(L+1)Z?A£ I BZ/[(GZC)ngzdlleg:a"‘(az/)2dgzd1L1d{1"‘QC?UQZL/ae/dgzdlL,qd{g

I
+pcl (aj,)ng 72dL71d§/,73 —|—pc§(az,)2dg’72dffld 1,—1 T 2pae/ae,d2 Y dz 3l

/ dp L (L+ 1)[(522§B++ + &0 —|—2p§2 253 —1) dyy

++
(sz 253 +P§2 251 J1 26585 )dlL,ﬂL (280)
and
1 T \x

P14, B] = L1 Z(Wei% Wi AeBy

7z
_7(' 2/€+1 2£I+]. 2 {4+ L+
= S LI+ 1)) = — A= — B2l +pci(-1) ]

o

y L U, 2t L0 UL AN (UL
aly 1 —3) TG g 1 1 o (5 1 —3) T@%% \o 1 1
T 204+1 200 +1 ,
5L(L+1)Z A Bp2[(—1) L 4 pe?]
Y74

y CL O\ (L0 s (0L O (L
aly 1 _3) TG\ 1 _q)||% =3 1 2) %%\ 1 1 2

1 /
T 204+1 200 +1
= du =L(L+1 A By
/“2(+);4w24w‘4

+ ¢ ¢ L — w0 4L
x [ag,a] dysdy —1d—3 —2"‘0 aja; d21d11d—3 ot ag af dydyyd” 1—2"‘%/% dordy _1dZq, o

+p(c ag,aere 3d d’ 32+a2,ag d2 df71d73,2+awae d§’73d 71d 12+c o d2 1d dt 12)]
1
m - g+ + - -
S IR R S G AR R o e T AN E

+ - B - gt
(532 £ +§§1 &) —Pféqujf 2 pf3 —2 271)(11 4] (281)
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The other kernels are given by

1 x, * Z,
X)’ [A B] = mZ(WeL%) WeLZAKBW
e
20+1 200 +1 ,
=aL(L+1)) A Bpad2[1 4 2 (—1)FE+]
e
(L LY €L€’+2_€L£’
01 -1)]% s 1 —3)tGaly 1
1 /
2041, 20 +1
= [ dprmL(L+1) Ag Byal
[1 %; 4d dr ¢
X <aé,d20d1ﬂd§1+c aydsdt _ dby + 2afdl _odl_dY 5+ agdh _ydbd” )
1
™ 0+ 0— 0+
= [ auGLEneh (€87 + etk + Sl + e 0ab ] (s2)
and
1 z
rYTIA B = 2L+1Z(Wei2f) Wy AcBe

o

20+1 20 +1 ,
=aL(L+1)) A Bpad2[1 4 2 (—1)FE+]

o

0L UN[o(0 L €, 20 (0 L ¢
“lo 1 —1)|%\2 1 —3)7%% 2 1 1

2+1, 2041 ,
=aL(L+1)) Tyt Bpad2[1 + A (—1) L+
o

47 47

(UL N[ (0L N (L0
01 —1)]%\3 -1 —2)T%%\1 1 -9

1 /
20+1 200 +1
= / dp wL(L +1) E i Ap p Byal),
-1 o

X (a?degd L1dYy o+ agdiydidl o+ Gafdy _ydfd” 5+ agd_df_d”, 2)

/ dp L (L+1) [(530 5 +&y & —1)d1 1+ 7 + &30 52,0—1)5%1} - (283)

6.2 Kernel Functions: Amplitude

Here we consider © = €. For s = 0, we obtain

0,c { L v
7 [A,B] = 2L+1§AZBE’]?/LW(WLZ’) (0 0 0)

2L, 2 /
/ du + Ay 4+ Bp2dbydlydt,
Zf’

= /1d,u 27r§00§00d00. (284)

Using the property of the distortion function, we find

194, Bl =9[4, B]. (285)
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For s = +, the weight function is given by
2
(ﬂ 20+ 1 2£'+1 vrre, (¢ L0
“IA,B] = %;—4W Ay Bp2[l £ (1) Iy o _9
1 /
2041 200+ 1 /
= /_1du W;?Az ppm By (dbodfydby + db _odfyds, )
1
= / dp m(€35635 £ &5 »€5 )y - (286)
-1
Using the property of the distortion function, we find
<4, B] = 24, B]. (287)
For OF,
1 € * €,
Z(X ‘[A,B] = 5L+ 1 Z(Wz&/) Wi AeBe
o
B L+ (=) o Lo\ (¢ L ¢
_2L+1%;W”’ > 00 o)la o —o)ABe
(20 + 1) 25’ 4 ¢ L v ¢ L 0
2”%; ir 2, —2+—202 00 0
(20 + ) 2@ +1) ! , ,
=7 4rr B‘f’ ldl‘ (daodind 2,0 + %2 0dGodz0)
o
1
= 27 / du C6aodin (288)
-1
where we use d*. 2,0 = d5,. Using the property of the weight function, we obtain
1014, B] = 09[4, B]. (289)

6.3 Kernel Functions: Rotation

The kernel functions for x = « is easily obtained from that for x = €. Using the property of the distortion function,

we find that

6.4 Response function
64.1 ¢ande

The lensing potential and amplitude modulation are both even. We then need to compute

,0 ,0 2 2.0 0
W Wi = —2(pf10)* (vere)*adal (

1

N

1

38

du (WL@') aLaé’dOOd dz 1,0 -

4214, B], (290)
ar(¥A, B], 291)
0, (292)
0, (293)
0, (294)
0. (295)

¢ L eN[(¢ L ¢

01 -1/\o 0 o
(296)
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Then we obtain

%0914, B] = / dp 2m/L(L + Ddbegh e (297)
and
r'9%A, B] = £9%[4, B]. (298)

For polarization,

A et ¢ L ¢ _({¢ L ¥ ¢ L v
WfLE/WZLZ/:_(Ci)2(p£iLef)2(’Y€L€’)2a0L [GZ <2 1 3>+af’ (2 -1 -1 2 0 —=2)° (299)

We obtain
(L eN(C L N (0 L e\t Lt
2 1 —3)\2 0 —2)"%\2 1 —1)\2 0 -2

1
F1
:/ du T(W”’)2a% [a;d 2| odSy + ag diydbydty £ afids _odh odb_y + agds _ydbds ,2} :
-1
(300)

<+

¢, kyre, + 2.0
WieWeie = Fpipe (vere ) ar, {a

The kernel function is given by

1
+), e ™ + - + -
S8 = [ dp GVEL D (646 —ehell el x el ngfn) . GoD
and, using the property of the weight function, we find
I 4, B = 274, B. (302)

The cross kernels are:

¢ L U\N(¢ L ¢ .
Wng’WLZ'_a'LaZ Pire (Yere)*2 (0 1 1) (2 0 _2> :Weng/we'fe

/ dpe (verer)*af afpere dfadiody
1 /
= /ld# (Yerer)?agag 5 (d€2d§ o+ dy _odis)diy

1
1 / y
= / dpe (ere)*aZ a5z (ds, 1 — day)diy (303)

-1

¢ L ¢ L v (¢ L 7
Wit Wigs = —agpewe (vewe)® (0 0 O) [QZ (2 1 _3>+a5, <2 -1 _1)]

1
1 ’ ot
=- / ldM 50%(’7%0)2‘150(@;‘1{3,0 + ae/dé—l,o)d£1,o

and

= /_11dﬂ %a% (mz')zdﬁo(aidﬁb - aZdli;))dlL() : (304)
Then, we obtain:
2y A, B] = / du m/I(L+ DG (G371 — 631 )y, (305)
{994, B] = 09994, B], (306)
2004, B] = / dp m/L(L+ DG (R — ¢y )aky, (307)
14, B] = 5U(B, 4] (308)
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642 ¢ands

The lensing potential and sources are both even. For s, the weight is obtained by replacing C©® in the numerator
with 1/2.

643 «ande

The response of the quadratic E'B estimator is given by

e L s (Wi OB — Wi P Wi B + Wi, OF)
AT CFeop?
o (VOB WO Wi OB+ Wi O
2(2L +1) 4> CFECEB
_ 712(_)7()‘ 1 CEBCBB N EF(—)KX CEE (CEB _ CBB) N 12(_)7(1 1 CEBCEE
2L CEE’ (BB o L COEE’ (BB 2L (BB’ (EE ’

(309)
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7 Bias-hardened quadratic estimator

7.1 Definition

Assuming that an estimator has several mean-fields, the expectation of the estimator becomes:

=~ A ’
(Zrm)oms = ZRL vy =Rrpxpy,
,E/

(310)

where R7* = 1 by definition and R* is the response function. We can construct a bias-hardened estimators as

[17]:
TEh =) R @
2
which is insensitive to the source of mean-field bias:
(@Phr) = Trm -

For a given two estimators, the response function satisfies

(@rar(Frar))ey—o = ATAPRTY = ATTRY" = R AYY
where R7” is a symmetric unnormalized response. The above equation is rewritten as:

Avivr L. 0
G (Grar))wy=0 = Rp

. . )
0 e Ayn Yn

where the later matrix is diagonal.

7.2 Noise

The idealistic reconstruction noise is the diagonal elements of the following matrix:
Avivr o L. 0
@M@ =R g R =RR| T

Aviyr L. 0

: o ®THT
0 ... Aynyn
Thus, we obtain
wa,(BH) — wa{R—l}II
For two estimator case, the above equation becomes
AIZE A(EIE

Ama;,(BH) — _ _ ]
1— RwRvr — 1— Avw Avy(Rwv)?

7.3 Example

7.3.1 Two estimators

~60 _ zy
(@ia)oms = xov + Ry,
~006 T
Urar)ems = yom + R xpa
where the response functions are given by:
z,0 ~OO0 z,0 ~06
1 WiieCi® + Wy, Co
Z OO A0
o 20770y

y,0 ~O6 y,0 ~O6
(W5, C8° + pwWip,co|
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(315)

(316)

(317)

(318)
(319)
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8 Computing delensed CMB anisotropies

8.1 Linear template of lensing B modes

The gradient of lensing potential V¢ is transformed as

= (gbr + 1¢i)e + (d)r - l(bi)e

¢€m }/hn m )

(321)

where gbl . are obtained by spin-1 inverse harmonic transform of ¢y, +/¢(¢ + 1)/2. Similarly the gradient of

polarlzatlon VP =V(Q+iU)is

VPt == " E,, VY2,

£m
S B ( /“‘2)2(“3)%3* - /(£+2)2(£— 1)%e>
Im

= —(Ef +iEy)e* + (B +iE])e
VP~ = (VP+)* = (Efr —iE])e" — (Egr — iE;)e
This leads to

Vo-VP" = —(BEf +iE3)(¢; —i¢;) + (B +iB7)(6, +1¢;)
V¢-VP™ = (Vé-VPH)*.

The harmonic transform of the above quantity becomes the leading-order lensing contributions to F/B.

8.2 Linear template of curl-mode induced B modes

Similarly, from Eq. (22), in the case of curl mode, we obtain
(*V)w = i[(w, +iw;)e* — (w; — iw;)e],

where we define

w —l—m—zr Z

Im

Zm}/@m .

‘We then obtain

(*V)w - VPt =i(Ef +iE; ) (w} — iw}) +i(Ef +iE])(w! +iw}),
(*V)w - VP~ = [(*V)w - VP1]*.
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9 Optimal filtering
9.1 Background

The inverse variance Wiener filtering is defined as

c 4 ZALNklAk] =Y A[N"'ds, (330)
k k

where k is the index of frequency channels and different maps (e.g. LAT and SAT for SO), C is the signal
covariance matrix, Ny, is the noise covariance matrix in pixel space, Ay is a matrix that transforms the harmonic
coefficients to a map in pixel space including beam and pixel convolution. From the data, dj,, we solve & which
is an array of the harmonic coefficients. The above equation is rewritten by the following numerically convenient
form:

(C?z) =C'?> YN dy, (331)
k

1+CY/? (Z Y,QN;lYk> c'/?
k

where (Cl/ 2)2 = C. Using the spherical harmonics, Yy,,, we define

4
Yiz=> Y bjwmYm(n). (332)

{ m=—{

Here, béf is the one dimensional beam and pixel function, and 72; denotes pixel position. Similarly,
Yix=bf / d*n z(R)Y, (R). (333)
The operation involving the noise covariance is then becomes
(YINY 2 = /d%j by Y () /d2m N~ (R, 7)) > b Yo (R) e, - (334)
‘m

If the noise covariance is diagonal in pixel space and the signal matrix is diagonal in harmonic space, the matrix
multiplication to an array of the harmonic coefficients becomes very simple. The conjugate gradient decent in the
code solves v which satisfies

Av=0», (335)
where
A=|[1+C'2 (Z YLNlek> c/?| (336)
k
b=C"?) YIN;'d;. (337)
k
The solution, v, is then transformed to .
9.2 Inverse noise covariance
If the noise covariance in pixel space is diagonal,
{N}ij = (n(fi)n(ny)) = 8(i; — ny)o? (i) , (338)
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we obtain

(YIN"'"Yz}p = / Lh, Yy, (7)) / @ 02 ()0( — 75) S Vi (i) i

m

= [ Vi ()0 15) 3 Vo210 (339)

m

where we ignore signal and beam. This operation is very efficient.
For a white uniform noise with o [uK’], the noise covariance in pixel space becomes

2
J— 5. . o T — . white
{N};; =d(n; —n; ) (TCMB 10800) =0(n; —n;)N . (340)

Then, the above filtering is equivalent to the usual diagonal filtering:

{A}Em,é/m’ = 5%’6mm’ |:1 + g;] (341
o2
{b}ém = ﬁ(sém + nlém) , (342)

where C} is the beam-deconvolved signal spectrum, Ny = N white / bf, S¢m, 18 the signal and nlgm = Ny /by is the
noise divided by beam. Substituting the above equations into Eq. (335), we obtain

1/2 Cy b
m = m = A4 (Stm . 343
Tem = O vom = i (Stm 4 1) (343)
The noise variance from some simulated noise is given by
(N}ij = W)W (Rg) Y Y () Yo () (g nem) (344)

me’ !

where W represents inhomogeneities of scan. For a uniform noise with (n},  np /) = 08 O¢o Omam » the covariance
is diagonal and we obtain

linax

ol (max — Cmin) Umax + lmin + 2)
Ntl.. = -0 2 1) = 2 \*max min max min . 4
{N}i I ZZ% . (2041) =05 y (345)

Therefore, it is possible to construct an approximate noise covariance from simulation if (n}, . 7¢/m/) ~ Ngper Oppmy
and N, ~ 03:

R 47 {N};;
2 — i
= . 346
7 (n) (gmax - Emin)(‘gmax + Emin + 2) ( )
If Ny # const., we need additional operation to the uniform white noise case of Eq. (339):
(YIN"'Yz}p = / d®n; Y, (7)) / d?n; {H(nz DY Y () Yoar(f }an 05) L om
LM
- /d%j Y (R ) H (75) > Yiar () Ny, /d A Y () H (7 an (7)o -
LM
(347)

Here, H is e.g. proportional to square root of a hit count map or 1/W.
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9.3 Preconditioner for the Conjugate Gradient Decent Algorithm

To solve the above equation, we use the preconditioned conjugate gradient decent algorithm. An appropriate
preconditioner is essential to solve the equation efficiently. A simple way is to choose the following diagonal
preconditioner:

{M}(fm),(ém) 1+ Z 2£+ 1 Z/dQA Y-ém nJ /d2 N (nz>nj)nm(nz)' (348)
For a diagonal noise covariance,

{M} )y, (em) = d*n; N ZYM ) Yo (70;)

(bE)2Cy T
=1+ Z 447% /dgni N M) (349)
k

For a given oy, in unit of ©K’ and a hit count map, H7 (n;), we obtain

-2
N H Ik T
W () = HE () [TCJWB 10300 (350)
Then, we find
(p)*Ce [ o, N I v
M =1 2 —H i) 351
{M} (¢m), (em) +; 1 | Toars < 10800 Z Nom o (70) (351)

For a non-uniform noise,

(b5)2C, R X X X 1. . 2041 R
{M}(ém),(fm) =1+ Zk: 277( /dQ’nj /din Hk(nz)Hk(nJ) XL:NL’]];PZ(TM . J) = PL(ni . nj) .

(352)

If the noise is close to uniform,

(No bz / A%, HE(h) (353)

where (N Ek) L 1s a representative value of the noise spectrum.

Another way is to split the preconditioner at some scale, ¢ = {5, and use different preconditioner to these scales.
This is motivated by the fact that, for a low resolution map, or if enough computational memory is available, the
dense inverse matrix up to £, can be saved. In this case, for the lower multipole, ¢ < £, the dense inverse matrix
is used for the preconditioner while the above approximate diagonal matrix is used for the preconditioner.

This approach is further extended to the multigrid preconditioner. In the multigrid method, we compute the
preconditioner at £ < /g, from a lower resolution map, while the preconditioner at £ > /g, is given by the above
diagonal matrix. At the lower resolution map, the preconditioner is obtained in the same way. By repeating this
procedure, at the coarsest map, the preconditioner at £ < /g, is obtained by inverting the exact dense matrix.

The dense preconditioning matrix is obtained by substituting az,, = 6¢g, 0mm, for 0 < £y < fspand 0 < myp <
£ to the function:

Uy = Y A 1 At - (354)

'm’

Note that the spherical harmonic transform code allows m > 0 and the above operation gives:

a%m = Qgym, + /dQﬁ Y@tn(onmo + YZT)mo)N71 . (355)
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We also substitute agp, = i6ss,0mm, to obtain
. 2.4 -1
Wy, = Qg + 1 /d Y, (Yegmo — YZEmO)N . (356)
Then, we obtain the matrix element as
! L/
_ Aoy — g,

A tomq = “22t (357)
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10 Skew-spectrum

10.1 Definition

The skewness relevant to the Minkowski functionals is given by

S%(n) = (v*(n)),
St(n) = —3(k*(R)V3k(n)),
S%(n) = —6(|Vr(n)|*V3k(1)) . (358)
From the above quantities, we obtain
=0 25 q0(n 2.4
S = /d ns (n) = /d n Z n1m1n2m2}/€3m3 <"'€€1m1/€€2m2”€€3m3>
Limy;
. 12 14 12
= /dQn /Z Yllmlyégmgyé?,mS <m11 777,22 Trfg) hgngngglgzeS
2
_ bty Aty A3 2
- ;: (ml Mo m3> hzllﬂgbllbfg
=D i 0e,be 000 5 (359)
£i
<! 2~ al/m 2.4
5= [ 510) =3 [ 3 Vi Yo Veam falts + 1) st
Zimi
06 3\’
= Z[ﬂl(fl + 1)+ (b + 1) + 53(53 + 1)]h31£2€3b51g2¢3 , (360)
£
5 = /d% S%(n) = 6/d2ﬁ > VYem VY VY i C3(Cs + 1)ty Keams Ftgms )
6o 5\
_ _ 1 2 3 2
= 3@2: l3(ls+ 1)[01 (€1 + 1) + La(by + 1) — €3(45 + 1)] (ml e m3> R, 0y0,001 0505
= {ls(ls + 1)[01 (01 + 1) + Lo(ly + 1) — L3(€5 + 1)] + cyc. perm.}h7 4. be, ey, (361)
£;

Here, we use
I= / d*n VYo, VY%m, Yeams
=lo(ly + 1) / d*R Yo, m, Yogms Yesms — / A*R Yo, m, VYms VYams
= [la(ly +1) — L3(05 + 1)] /dQﬁ Yo, my Yegmy Yeams + /dZﬁ VY, Yeyrns VYesms

= [lo(ly +1) — L3(03 4+ 1) 4+ £, (1 +1)] /d% Yo, my Yooy Yeams — I - (362)
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10.2  Spectrum

10.2 Spectrum

The skew spectra are defined as

S

st =

Y4

The expectation values become

5(2) _

1 2\ *
= m zm:"fem(’i )hn

_3 .
Ol Z(VQK«)Zm(HQ)em

—6 2 \*
m ;(Vﬁ? . Vli)[m(v K’)fm .

2€+IZ/ &'n Z Yo (R) Yo my (R)Yeyms (R)(Kem ey my Keyms)

Yom (’ﬁ’)}/ﬁml (ﬁ’)nzmz (,ﬁ’) <K@ml€51m1 K@2m2>

L1my ig mo

Yim (IfL)leml (ﬂ)vnzmz (ﬁ’) <"€em"wl my "Wzmz>

(51”) =
élmlézmz
= 2€ + 1 Z €21€2bf€1€2 ’
/Mg
(1) 2 A
(i) = 26 + 1 / an
26 + 1 Z h@gl@Qb‘g‘gl‘eZ ’
[1[2
(2) 2 A
(5 2e+ 1 Z / d'n

3¢ +1)]

Z] mi éz ma

= S N [+ 1) + (6 + 1)+ Lol + )] By, g, et e, -

20+ 1 o

The skew spectra, Sé, satisfy

5 =32+ 1)s;.

/4
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11 Other Useful Functions

11.1 Generating correlated random Gaussian fields

We assume that we have N independent random Gaussian fields whose angular power spectra are unity, i.e.:

(lugm?) =1, (373)
withi =1,2,..., N. We then assume that the correlated random Gaussian fields, a}, , are given by
A = Y Aijti],, . (374)
J

where the coefficients, A; ;.- 1s determined as follows. First, we impose the following condition:
Aije=0 (@ <y). (375)

This means that the matrix, {Al}ij = Ajj ¢, is a lower triangular matrix for each /. The matrix satisfies:

cije = {Covy}ij = (ap,(al,)”) = Z(Aik,wfmz‘ljn,e(u?m)*> = ZAik,éAjk,l =AA7 . (376)
kn k

The covariance matrix is given by theory. For each ¢, we obtain (here we omit the subscript, £):

ot A% G=3j)

Thus, A is the solution of the Cholesky decomposition of the covariance matrix. We can obtain the coefficients
recursively starting from 7 = 1 with ¢ < j since the covariance is symmetric. If j = 1,7 = 1 and

A Aji — Y Aindjr (< j
cij = D AiwAjk :{ i Lkt Aik Al (<)) (377)
k

C11 = A%l . (378)
This means that
A11 = 4/C11 - (379)
Ifj =2,
A1 A ;=1
S (380)
A5+ A5, (i=2)
Thus, we obtain:
C12
Agy = —, 381
205 4 (381)
A22 = Co9 — A%l . (382)
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